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Abstract. Given a Calderon-Zygmund (C-Z for short) operator T, which satisfies 
Hormander condition, we prove that: if T maps all the characteristic atoms to WL 1 , then 
T is continuous from LP to LP( 1 < p < °°), So the study of strong continuity on arbitrary 
function in LP has been changed into the study of weak continuity on characteristic 
functions. 
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1. Principal theorem 

In this paper, LP(1 < p < °°) continuity is obtained without assumption on L 2 continuity, 
but with a continuity which is much more weaker than the continuity from L 2 to WL 2 — T 
is continuous from characteristic atoms to WL and no information about its adjoint is 
assumed; and so, an analysis problem is changed into a geometric problem. 

Let B(u, t) be a ball with center u and radius t . A linear operator T, which is continuous 
from S(R") to S ! (R"), corresponds to a kernel distribution K(x,y). 

DEFINITION 1. 

One calls T a C-Z operator or T € HCZ, if T satisfies the following four conditions: 

(i) Size condition: 

sup/ {|tf(*,y)| + |*(y,*)|}dy<oo. (1.1) 

x,r J r< \x—y\ <2r 

(ii) Hormander regular condition: 

sup/ {\K(x,y)-K(x',y)\ + \K(y,x)-K<j,x')\}dy<oo. (1.2) 

xj! J\x—y\>1\x—x'\ 

(iii) Tl condition: 

rieBMO, rieBMO. (1.3) 
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(iv) Weak bounded condition: 

Kr/,*>|< £ t-(||/||-+r||V/||.)(|| g ||.+r||Vg||.) > 



(1.4) 

Vw G R n ,t > 0,B(u,t),f,g G C l Q (B(u,t)). 



Before, LP continuity is often obtained under the assumption of L continuity. Whether 
an operator in Definition 1.1 is continuous on L 2 (R") or not is a very difficult open prob- 
lem (see In this paper, LP continuity is obtained under a condition which is more 
weaker than L 2 continuity - we suppose only that the given operator is continuous from 
characteristic atoms to WL 1 . 

In this paper, \F\ denotes the measure of set F. Let £ be a cube and let Ne be the biggest 
integer such that 2 Ne \E\ < 1. First, we introduce some definitions about atoms. 

DEFINITION 2. 

(i) One calls a(x) an atom on E or a(x) G A\(E) or a(x) G A\, if suppa(x) C 
E,\\a(x)\\ x < 2 N £ and Ja(x)dx = 0. 

(ii) One calls a(x) a characteristic atom or a(x) G A®(E) or a(x) G Aj, if there exist 
two sub-cubes G and H in E which do not intersect each other such that a(x) = 
Je](Xf(x) — Xg(x)), where F is a subset of cube H and \F\ = \G\. 

(iii) One calls a(x) a special atom or a(x) G A(E) or a{x) G A, if a(x) = -^{%f{x) — 
Xg{x))i where F and G are two sub-cubes in E such that \F fl G| =0 and |F| = \G\. 



In fact, a{x) G A i is the usual °o-atom in Hardy space, a (x) G A is defined first in 1 7 1 for 
Besov space . The characteristic atom set A^ is composed by characteristic functions 
and A Q A j 5 A\ . Now we present a definition of Lorentz space WL 1 . 

DEFINITION 3. 

One calls /(x) eWL'(£), if VA >0,A|{jc: \f(x) \ > X}(1E\ < oo. 

Whatever E = R" or not, sometimes, one denotes WL l (E) — WL 1 . It is known that 
WL 1 is not a Banach space and it is only a completed metric space, because its norm 
does not satisfy triangle inequality and this brings some difficulties in the study of 
continuity. 

The principal theorem in this paper is the following theorem. 

Theorem 1.1 . Given 1 < p < °°. IfT G HCZ, then the following two conditions are equiv- 
alent: 



T:L p ^L p . (1.5) 

T-.A^WL 1 . (1.6) 

The real analysis books discuss interpolation theorem (see II 191 ). Further, several years 
after I have proved our Theorem 1.1 (see 1121 1. somebody told me that Journe in 1983 
proved in 1 6 1 the following theorem. 

Theorem 1.2. VI < p < °°, if \\T\\ Hl ^ L i + ||r|| L ^ BMO < oo, then T: 
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Applying the above Theorem 1 .2, the principal Theorem 1 . 1 can be decomposed to the 
following two theorems. 

Theorem 1.3. IfT £ HCZ, then (i) T: A\ -> WL 1 implies T: A\ — > L l and (ii) T: Aj -> 
WL 1 implies T:A\^L X . 

Theorem 1.4. IfT £ HCZ, then T: Aj -> WL 1 imp/zes r*: Ai — > WL 1 . 

The proof for Theorems 1.3 and 1.4 will be given in §§3 and 4. Here, we apply the 
above three theorems to prove Theorem 1.1. 

If T £ HCZ and T satisfies condition (1.6), by applying Theorem 1.4, T* satisfies 
condition (1.9) below, and hence T* satisfies condition (1.6). Then one applies another 
time Theorem 1.4 for T*, one gets T,T*:A\ — ► WL 1 . 

Further, applying (i) of Theorem 1.3, one gets T,T*: A\ — > L 1 . That is to say, 
T,T*: H — * L . Since the dual space of H l is BMO, one applies Theorem 1.2, 
VI <p<oo,r:L''^L^. 

Furthermore, (1.5) implies that T satisfies (1.7) below, and so T satisfies (1.6). This 
finishes the proof of Theorem 1.1. 

Remark 1.1. We indicate here, that so much work has been done |3 4 5 1711011 ll which 
deals with the continuity of C-Z operators since the famous Tl theorem of David and 
Journe 1 2 1 . Note that the following conditions are more and more weaker: 



T: H 1 


-Z, 1 . 


(1.7) 


T: L 1 - 


-> WL 1 . 


(1-8) 


T: A\ 


-^WL l . 


(1-9) 


T:A- 


+ WL 1 . 


(1.10) 



(1) A famous conjecture is: If T 6 HCZ, then T is continuous from L? to L 2 ; Meyer 1 8 1 
calls it C-Z conjecture on Hormander condition. According to a famous result in Q, 
if T 6 HCZ, then T satisfies condition (1.10); but we do not know, under the condition 
that T £ HCZ, whether (1.6) is stronger than (1.10) or not. Hence C-Z conjecture 
rests still open. 

(2) The conclusion in Theorem 1.3 depends only on one single side Hormander 
condition. 

(3) As a C-Z operator T, it is known that L? continuity implies that T satisfies all the 
conditions from (1.5) to (1.10). In contrast, although Journe proved Theorem 1.2, in 
our Theorem 1.1, we do not suppose any condition on the adjoint operator and we 
suppose only a geometric condition (1.6) on the operator itself, which is weaker than 
condition (1.7) or condition (1.8). In fact, there is no characteristic atom decompo- 
sition for H , hence (1.6) is weaker than (1.9). Furthermore, WL 1 is not a Banach 
space, so (1.9) is weaker than (1.7) or (1.8). 

There are too many constants in this paper, C may be different at each occurrence; but 
when a constant depends on some quantity, this constant will be specified. 
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2. Preliminaries 

In this section, we establish some results about the relations among sets, WL l continuity, 
approximation of operators and maximal operators. Let M be Hardy-Littlewood maximal 
operator and < 8 < 1 . 

First, we know that Meyer has proved the following two lemmas in chapter 7 of [ 8 1 . 
For arbitrary Borel set B and V/(x), denote 9 = sup^ >0 A|{;c: |/(x)| > A} f)B\. Then one 
has: 

Lemma 2.1. f B \f(x)\ s dx < C(n, 8)\B\ l ~ s 9 s . 

Proof. Let E k = {x £ B, \f(x)\ > 2 k } and k B the biggest integer satisfying 2 k \B\ < 9. If 
k < ks, then blow up \E k \ to if k > kg, then blow up \E k \ to 2~ k 8. Hence one has 

/ \f{x)\ s dx<Cj]2 kS \E k \ <C\B\ V 2 kS +C9j\2- k{1 -^ 
Jb _„ ^ kB 

= C\B\2 kBS + C92- kB{1 -^ < C(n, 8)\B\ l - s 9 5 . 

Lemma 2.2. IfE* = {x: M|/| 5 (x) > 2^}, then \E^\ < C2~ NS J E s \f(x)\ S 6x. 
Proof. Letg(x) = f(x)\ E s, then 

{x: M\g\ s {x) > 2 NS } = {x: M\f\ s (x) > 2 NS }. 

Further, for arbitrary function g, one has |{jt: M\g\ s (x) > 2 NS }\ < C n 2~ NS \\g\\^ s . Hence 
\Ej>\<C2- NS l E s\f(x)\ s dx. ~ □ 

For arbitrary ball or cube B, denote B a ball or a cube with the same center and double 
diameter. Then one can find the following result in |7 1. 

Lemma 2.3. 

(i) VT G HCZ, there exists constant C,V« € R n ,for arbitrary ball or cube B with center 
u, one has: Vx B, \Txb(x)\ < $r}j- 

(ii) If an operator T satisfies conditions (1.1) and (1.2), then the following two conditions 
are equivalent: 

T satisfies conditions (1.3) and (1.4). (2.1) 
\\TXb(x)\\ lHS) + \\T*Xb(x)\\ lHB) <C\B\y ball or cube B. (2.2) 

Now, let us consider the action of approximation operators on atoms. Let M§f(x) = 
{M\f\ s (x)) '/ 5 and let K E (x,y) = K(x,y)\\ x ^ y \> e be the kernel distribution of T £ . Then, one 
has 

Lemma 2.4. If T G HCZ, then for arbitrary cube E, we have 
(i) Vfl(x) <E A(E), one has 

\T £ a(x)\ < CM s Ta(x)+C2 NE . (2.3) 
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(ii) Vfl(x) EA\(E) and T satisfies condition (1.9), (2.3) is still true. 

(iii) Va(x) e Aj (£) anrf 7 1 satisfies condition (1.6), (2.3) is sft'W frae. 

Proof. The proof of the above three conclusions in Lemma 2.4 is similar, and so one 
proves only (ii). Let B £ be the ball {s: \x — s\ < §} and B £ the ball with the same center 
and twice the radius and let B c £ = R n \B £ . Then we define fa(x) as follows: (a) fa is zero 
onB £ and (b) fa(s) = a(s) outside B £ . Further, we decompose a — fa into two functions fa 
and //: fa is a function whose support is on B £ and whose integral is zero, // is a constant 
function on B £ and zero outside it. Hence a{x) is decomposed into three functions and 
a = fa+fi + fa. 

Since \fa\ < C2 Ne and |r/ 2 (j)-r/ 2 (x)| = | f ]x _ y] > £ K(x,y)a(y)dy- f ]x _ y] > e K(s,y)a(y)dy\ < 
f\x- y \> e \K(x,y) — K(s 7 y)\\a(y)\dy, according to Hormander condition (1.2), V* € B £ , 
one has: \Tfa(x) - Tfa{s)\ < C2 Ne . Since Ta(s) = T fa(s) + Tfa(s) + Tfa(s), then: 
|7Y2«| < \Ta(s)\ + \Tfa(s)\ + \Tfi(s)\+C2 N *. 

One makes 8 order integration for s on B £ and gets 



7y 2 «| < 




(2.4) 



Applying Lemma 2.3, one gets ||7 , //|| wl i ( b £) < Ce n 2 NE . Since e~ n 2- NE fa is an atom, by 
assumption, || Tfa \\ WL i < Cs"2 Ne . Applying then Lemma 2.1, one gets 

f \Tfa\ s ds+ [ \Tf,\ s ds<C\e\ {1 - S)n e nS 2 SNE =Ce n 2 SNE . (2.5) 

By (2.4) and (2.5), we have |r/ 2 (x)| < CM s Ta(x) +C2 Ne . 
Since Tfa(x) = T £ a(x), one gets (2.3). 

In the end of this section, we consider ^-maximal operator of T. Let T t a(x) = 
sup g>0 |r £ a(x)|, then one has: 

Lemma 2.5. If T G HCZ, then for arbitrary cube E, one has: 

(i) IfT is satisfying condition (1.9), then there exists constant C ',\ 'a{x) 6Ai(£), and one 
has: 

\Ta{x)\ < \T*a(x)\ +C2~ Ne . (2.6) 

(ii) IfT is satisfying condition (1.6), then there exists constant C,Va(x) € A®(E), and 
(2.6) is still true. 

Proof. The proof of (ii) is similar to that of (i), so one proves only (i). If T € HCZ, then 
applying Lemmas 2.3 and 2.4, the operators {T £ } £ satisfy the condition (2.2) uniformly. 
Then there exist an operator To satisfying (1.1), (1.2) and (2.2), and a subsequence £j 
which converges to such that T £j — > Tq in the sense of norm of (1.1), (1.2) and (2.2). 
According to Lemma 2.3, Tq e HCZ. 
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Further, choosing two test functions such that their supports are disjoint, one knows 
that the kernel distribution of T — 7b vanishes out of the diagonal x = y. Then there exists 
a L°° function m(x) such that, for arbitrary cube E and F and for arbitrary function f(x) G 
L°°(F), one has 

(Tf(x), XE (x)) = Mm(T e .f(x), X E(x)) + (m(x)f(x), XE (x)). (2.7) 

Finally, if T S HCZ is satisfying condition (1.9), by (2.7), there exists constant C such 
that, for arbitrary cube E and Va(x) £ A\(E), (2.6) is true. 



3. Upgrade of regularity 

As to a C-Z operator, usually, H l — > L l continuity is obtained by L 2 continuity; but the 
L 2 continuity is often established by a fixed decomposition (continuous or discrete) of the 
operator. But when the regularity of K(x,y) is weakened to Hormander condition (1.2), it 
is difficult to revert to the operator itself from the operators which have been decomposed 
1811 11121 . Further, when we try to establish operator's continuity under wavelet basis, the 
continuity from H l to L 1 often needs a much stronger weak regularity than from L 2 to 
L 2 II II . In this section, one proves Theorem 1.3 through upgrading WL l continuity to L 1 
continuity. Since the proofs for (i) and (ii) are similar, one proves only (i). 
Now one proves (i) of Theorem 1.3 in three steps. 

(1) V atom a(x) on cube E, VN > Ne, the following inequality is true: 

2 N \{T,a(x) >2 N }\ <C. (3.1) 

Applying Lemma 2.4, one has 

| T e a{x) | < CM 8 Ta(x)+ C2 Ne . 

That is to say, |7^a(jc)| < CM s Ta(x) +C2 Ne . 

\E 5 N \<C2- NS I \Ta(x)\°dx. 



Let E^ = {x: M\Ta\ s (x) > 2 N5 }. According to Lemma 2.2, one has 



Since ||ra(jt)|| W£ i < C, applying Lemma 2.1, one gets 
|ra(x)| 5 ck<C(«,5)|^| 1 - 5 . 



■3 
N 

Combining the last two inequalities, one gets 2 A '|£ , ^| < C. So (3.1) is true. 
(2) There exists a constant C, V atom a(x) on cube E and VW > Ne, the following inequal- 
ity is true: 

\{x: T*a{x) > 2 N+2 }\ < C2 N t- N \{x: T*a(x) > 2 N }\. (3.2) 

Vx 6 R" and let \\x\\ be the maximum value of the coordinates. Let En = 
\{x: T*a(x) > 2 N }\. Then there exist the biggest dyadic cubes E N such that 
\E l N r\E l N \ = for I /' and En = U[E N . Let j3/ be the center of E ! N and d[ the length of 
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E l N and let E l N be the dyadic cube which contains E l N with double length. Hence there 
exists a point a/ in E l N , but a/ E N . Hence |7;a(a/)| < 2 N and ||a; -J3/|| < ^p<i/. 
Let be the set of x belonging to E l N such that |r*a(x)| > 2 N+2 . In order to prove 
(3.2), it is sufficient to prove 



Fh\ < C2 NE ~ N \E l N l VN >C + N e . 



(3.3) 



Fix /, denote by E^ the cube with the same center but with 12 times diameter of 
— j-j- / ;,» a(x)dx. To prove (3.3), one decomposes a(x) into three func- 



E l N . Let a 



tions: a p (x) = a l N x F i,*(x), ai(x) = (a(x) -a l N )x F i,*(x) and a c = a(x){\ ~X F iA x ))- 

c « C A- £ iV 

LetS* =B(x,Pi,e,d { ) = {y: \x-y\ > e and ||y-j3/|| > 6d t }. For m € 7?" and f > 0, 
letB(M,f) = {y: \y-u\< t} and B(u,t) c = {y: \y-u\> t}. 
For a c (x), one has 

\T*a c (x) - T*a c ((Xi)\ < sap\T e a c (x) - T e a c (ai)\ 



= sup 

e>0 



B{x,p,,e,di) 



K(x,y)a(y)dy 



L 



B(a,,p,,e,di) 



K(a h y)a(y)dy 



sup7 £ . 

£>0 



Vx e Epf, one considers two cases: 

(t) If |e| < (6- 2g)d h thcnB x = B ai = {>■: j3,|| > 6d,}. Hence 7 £ = | J(K(x,y) - 
K(cti,y))a c (y)dy\ < f\K(x,y) ~ K(ai,y)\\a c (y)\dy. Applying Hormander condition 
(1.2), one gets |7 e | <C2 Ne . 

($) If |e| > (6 - ^)d h then the symmetry difference of B x and B Ul is SD = B\ UB 2 
where Bi = B{x,e) € n#(j3/,6c/ ; ) f\B{a h e) and B 2 = B{a h e) c C\B(fi h 6di) nfi(x,e). 
Hence 



7 £ < 



(K(x,y)~K(a h y))a(y)dy 



h+h- 



■f \K(a h y)\\a{y)\dy 

JSD 



As to h, let Ci = {y: |x-y| > 2|x- a,|} and C 2 = {y: - f )|*- 05/1 < \x-y\ < 
2\x-CCi\}. Then we have B x CC,UC 2 and h < J Cl \ K {x,y) ~ K(a h y)\\a(y)\dy + 
j Ci \K(x,y) — K(ai,y)\\a(y)\dy. We apply Hormander condition (1.2) to the first part 
and apply size condition ( 1 . 1 ) to the second part, we get 7; < C2 Ne . As to I 2 , we apply 
simply size condition (1.1), and get 7 2 < C2 Ne . Hence one has |7 e | < C2 Ne . 
Combining the conclusions in the above two cases (f ) and ($), one has 



\T,a c (x)-T,a c (a,)\<C2 NE . 
Now one proves 

\T,a c (ai)\ < \T,a(ai)\+C2 NE . 



(3.4) 



(3.5) 
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First, according to the definition of T*a c (ai), one has 



T t a c (a t ) = sup 

£>0 

When e>di, one has 



la,-y\>e 
Ib-ft||>12d, 



K(a,,y)a(y)dy 



sup/ f . 

£>0 



I B < 



I ,. ,> £ K(a,,y)a(y)dy- f K(a,,y)a(y)dy 



b-ftll>iM, 



+ na(ai). 



Reasoning as above, one has, I e < Za(ai) + C2 NE . 
When e <di, one has 



I s = 



f K(a h y)a(y)dy 

J\\Pl-y\\>8dl 



Reasoning as above, one has, I £ < T*a((Xi) + C2 Ne . Hence (3.5) is true. 
Combining (3.4) and (3.5), one gets 

Vx e E' N , I na c (x) | < 2 N + C2 Ne . 



(3.6) 



According to Lemma 2.3, the WL l norm of Ta p (x) is not greater than C2 Ne \E 1 n \. 
According to the assumption (i) of Theorem 1.3, the WL l norm of Ta\(x) is not 
greater than C2 Ne \E 1 n \. Applying (3.1), V7V > Ne, the following inequality is true: 



2 N \{x: T,{ai+a p )(x) >2 n }\<C2 Ne \E 1 n \. 



(3.7) 



Let£; = {jce^,7;(ai+ap)(x) > 2 A ' +1 }, then <C2 Ne - n \E 1 n \. Since 2 N+1 > 
C2 Ne \E' n \, by (3.6), F l N C E[, hence (3.3) is true. 
(3) Repeat applying (3.2), one gets 

£ 2 A, |{x:r,a(x)>2 A '}|<oc. 

N>C+N E 



Furthermore, \/N > C + Ne, and applying Lemma 2.5, one gets 
{x: \Ta(x)\ > 2 N } C {x: T,a(x) > 2 N+1 }. 
Hence one gets 

£ 2 N \{x:Ta(x)>2 N }\<-. 

N>C+N E 



(3.8) 



(3.9) 



Let E" be the cube which has the same center as E but whose edge has double 
length and E c = R"\E d . Applying then Hormander condition (1.2), Ta{x) e L l (E c ) 
one gets 



£ 2 N \{x: Ta(x) >2 N }\ < oo. 

N<C+N E 



(3.10) 



By (3.9) and (3.10), Ta(x) e L 1 . Hence T:A x ^L l . 
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4. From characteristic atom to atom 

For arbitrary cube En, let E N be the cube with the same center as En but with 2 k times 
length. In this section, one proves Theorem 1 .4 by contradiction. 

If Theorem 1 .4 is not true, then VN > 0, there exists cube En, atom cin (x) e A i (En ) and 
integer S N such that 2 Sn \F n \ > N, where F N = {T*a N (x) > 2 Sn } C\E n . By contradiction 
hypothesis, 

\(T*a N (x), X F N (x))\>N. (4.1) 

One chooses a cube Gn which is contained in E N — E N and with the same measure of 
F N . Let bff(x) = pr^y (^Gjv ( x ) ~Xf n (x)). Applying then condition ( 1 . 1 ), one has 

\(T*a N (x) 1 X GN (x))\<C. (4.2) 
Hence one has 

\(T*a N (x),b N (x))\>^^. (4.3) 

According to the assumption of Theorem 1.4, TbN(x) € WL l . Applying then (ii) of 
Theorem 1.3, one gets that TbN(x) € L 1 . Hence one has 

|(r^(x),flAr(x))| <C||a w (x)||oo. 
Since |(r*ajvW,^jvW)| = |(r^iv(x),aAf(x))|, then we have 

\(T*a N (x),b N (x))\<C\\a N {x)\\„. (4.4) 
Since ||a^(x)||oo|£w| < C, then there is a contradiction between (4.3) and (4.4). 
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